INTRODUCTION
Ž Simplicial stochastic Bernstein algebras were introduced by Lyubich see w x. also P. Holgate 10 as algebras representing populations that reach the equilibrium after a generation. In this way Bernstein algebras emerge in connection with the problem in mathematical heredity posed by S. N. w x Bernstein 1 in 1922.
Non-associative algebras appear in genetics via gametic, zygotic, or copular algebras in a quite natural way when we try to express as a symbolic product the way in which biological characteristics are passed down through generations, and they are in general commutative and have a non-zero homomorphism of the algebra into the field. In a recent survey w x 20 a general introduction to algebras related to genetics can be found.
Bernstein proposed the description of all biological mechanisms that w x follow the Stationary Principle. Let us, following 19 , translate to an algebraic language the above-mentioned problem. We say that a commutative algebra A over the field ‫ޒ‬ has stochastic realization if it admits a basis 
Ž . Ž . Ž .
The Bernstein Problem is equivalent to explicitly describing all simplicial Bernstein algebras. The cases n s 1, 2 are trivial. Bernstein solved the problem for n s 3 and some particular cases for n s 4. The solution, for n ) 3, in the regular and exceptional cases was found by Lyubich in the Ž w x . 1970s see 11᎐15, 18 . In view of the fact that for n F 4 every Bernstein algebra is regular or exceptional, the problem for n s 4 was completely solved by Lyubich. The Bernstein problem in the non-regular case for w x w x n s 5 and n s 6 was solved in 5 and 8 , respectively. Finally, the Ž . Ž . non-regular cases for types n y 2, 2 and 3, n y 3 were obtained by the w x w x author in 7 and 9 , respectively. Here we solve, for all n, the Bernstein problem in the non-degenerate non-regular case. Thus, this work and the above-cited papers settle the Bernstein problem in the non-degenerate Ž . case. We note that every simplicial Bernstein algebra A, ⌬ can be Ž² Ž 2 .: obtained from its non-degenerate simplicial algebra supp A , w Ž 2 .x. supp A , and hence all simplicial Bernstein algebra can be explicitly described.
The following well-known facts about Bernstein algebras will be used in Ž w x . this paper see 4, 10, 16, 18, 21 
such that the expression of the stochastic basis ⌽, after reindexing, with respect to
As suggested by the previous presentation of the stochastic basis, we w x Ž . define, following 6 , the subspaces for i s 1, 2, . . . , m and j s 1, 2, . . . , ␥ Ä 4 ² : i The¨ector z belongs to W if and only if t F r .
x w x supp e q u ; ⍀ j ⍀ with the form
0 e e i j s1 j j w x LEMMA 2.3 6 . The following relations hold:
LEMMA 2.4. The relations
of Lemma 2.2. Let z g ⌿ l W and consider the vectors f y and f
² : belong to ⌬, and hence Lemma 2.1 implies that zu g u , u since
a the basic vector e , and if z X s z , t ) 0, then we take as a the basic
vector e . The elements f y a and f q a lie in ⌬,
g y, q , X ² : ² : so zz g u , u and W Z ; u , u , since we have proved above that
, f e g ⌬ and hence zz g u , u , u . Then, be-
The following relations hold for all k and j 2 F k F m;
.
Proof. If z g Z , then by Lemma 2.4 we get that u z g ‫ޒ‬ u . So there
Ž . to U by 5 . Then, because u f U , we have ␣ s 0 and hence u z s 0.
Finally, let z, z X g Z . We know that in a Bernstein algebra Z 2 ; U and
hence zz X g U . On the other hand, from Lemma 2.4 it follows that
then the result is trivial since U is an ideal of A. Next, we know that
Ž . Ž . then there exists z g Z with u z s u and by 5 we have that u s u z z
Ž . Ž 5 , and since u z g U we know by Corollary 2.2 that if u z / 0, then
Proof. Assume that u f U . There exists e g ⌽ such that s ;
that is, this basic vector has the form e s e q u q z . Then, from
Ž . Thus, each inequality is equality and hence we have the following: a e s e q u q z 1 F t F r . 
Ž .
e
Ž .
since we have proved that U Z ; U for a non-degenerate simplicial e e 0 Bernstein algebra. Therefore there is u s ␣ u y ␤ u with ␣ / 0 and
Ž . Ž . supp u u , and by vi and ix of Lemma 2.2 supp u u is a subspace of 
and hence Ý r i s 1r2. In an analogous way we obtain that Ý r k s ls0 l ks0 l ² 1r2. This forces s 0 for t s 0, . . . , n . Next, because u u g z :
we have that ␣ q s 0 for l s 1, . . . , r and ␣ q s s ‫ޒ‬ u. We prove the lemma in two steps. ² :
and hence
Ž . In view of 14 and 15 we have
and since u 2 , u 2 / 0, the above matrix is non-regular. Since its determii k nant is zero, if we denote by the scalar ␣ r␤ , then 0 s yr2 q 1 y 
and z g Z l ⌿. We will prove first that u z , u z g u y u and next
Ž . that zz g u y u . In view of Corollary 2.4, the elements defined in 11 i k have the following form: . w x y␤ e q 1r2 q ␣ e q u q 1r2 y ␤ e q u g e, e q u , e q u Ž . This mapping is well defined, and the products x y s y ␣ y ␤ e q
The faces supp e and supp e q u with u g U are
an exceptional Bernstein subalgebra of rank 2 with ⌽ X as a stochastic basis. w Ž .x w x It is easy to check that ⌫ s supp e s e : 0 F t F r is a 0-essential
w X x face since W s 0 . By Lemma 1.1 the face ⌽ has at least two disjoint 1 w X x 0-essential faces. Let ⌫ be a 0-essential face of ⌽ different from ⌫ . disjoint faces, we get that
Let us now assume that u , u g U with 1 -i -k. Then by the first i k 0 w Ž .x part of Lemma 2.9 we have that ⌫ , ⌫ , and ⌫ s supp e q u are
On the other hand, we already know that 0-essential faces are disjoint, so
The following theorem can be proved in the same way that Theorem 2.1 w x of 6 was proved. The same notation will be used. vectors u , u and u u are linearly dependent. We can take e [ e s e
It is easy to prove that supp e is a 0-essential face
Ž . the ideas of 6 , there is a presentation for ⌽ of the form given in 7 ᎐ 10 with respect to the idempotent e and the corresponding Peirce decomposi- implies that
is an element in Z for t s 1, . . . , r . Also the vectors u , u u , u , z , and
e s e q u q z s e q u y u y u q z Ž .
and in an analogous way we obtain that the U -component of e s e q
² 2 : since we have obtained in the proof of Lemma 2.7 that z g u .
Consequently, either for any t, 1 y 2 ␤ / 0 or 1 y 2Ý r k ␣ ␤ / 0, since
Since the Bernstein problem in the regular case was studied and solved by Lyubich, we will consider from now that the non-degenerate simplicial Ž . algebra A, ⌬ is non-regular. Also we assume in this section a presentation for ⌽ with the element u g U , h ) 1. If s max then, as we saw in Lemma 2.6, ᒂ ᒂ ᒂ ᒂ ᒂ s e q u q u g
it follows that F 1. The reverse inequality is trivial since e q u g ⌬.
i i
Now the following results can easily be proved.
iii The following relation holds:
e k w Proof. We will assume that u f U . We know that e q u g ⍀ j Next we assume that u , u f U and u y u s u y u belongs to 
supp e q u and supp e q u are dis-
Ž . view of relation 17 , we get that x g ‫ޒ‬ e [ U whenever / 0. Thus
x s e q u with 0 F F 1. Ä 4 a an idempotent e g ⌬, a basis u , . . . , u of U , and a basis2 is of the form 
⌽ s supp e s e : 0 F t F r Ž .
Ž . hand, we know that¨u g ‫ޒ‬ u and hence¨u s u , where is a scalar,
so a e q u is of the form e q r2 q u q 1r2 u . Then, because k i k w x this element belongs to e q u , e q u , we get that r2 q s 1r2. 
Ä 4
xf s x e q u q x¨s eu q u g ⌬ , g y, q .
Ž .
Ž . 
